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DISCRETE SUBGROUPS OF SMALL CRITICAL EXPONENT
BEIBEI LIU AND SHI WANG
Abstract. We prove that finitely generated Kleinian groups Γ < Isom(Hn) with small
critical exponent are always convex-cocompact. Along the way, we also prove some geomet-
ric properties for any complete pinched negatively curved manifold with critical exponent
less than 1.
1. Introduction
The study of 3-dimensional finitely generated Kleinian groups dates back to Schottky,
Poincare´ and Klein. It is only recently that the geometric picture of the associated hyper-
bolic manifolds has been much better understood, after the celebrated work of Ahlfors’s
finiteness theorem [Ahl64], the proof of the tameness conjecture [Bon86, Ago04, CG06],
and the unraveling of the Ending Lamination Conjecture [Min10, BCM12, Som08, Bow11].
However, such geometric descriptions fail in higher dimensions [Kap95, Kap08, KP91a,
KP91b, Pot94, Pot92].
To study higher dimensional Kleinian groups, one way is to consider the interplays be-
tween the group theorectic properties, the geometry of the quotient manifolds, and the
measure-theorectic size of the limit set. By the work of Bishop and Jones [BJ97], the crit-
ical exponent δ(Γ) equals the Hausdorff dimension of the conical limit set Λc(Γ) ⊂ Λ(Γ).
It is showed in [Gus89] that if the entire limit set has dimH(Λ(Γ)) < 1, then Γ is geo-
metrically finite, in which case δ(Γ) = dimH(Λc(Γ)) = dimH(Λ(Γ)) < 1, and the limit set
consists of conical limit points and parabolic fixed points [Bow95, KL19]. However, when
Γ is geometrically infinite, the size of the entire limit set could a priori be much larger so
as dimH Λ(Γ) > dimH Λc(Γ). Thus, it is interesting to ask what is the relative size of Λc(Γ)
compared to the entire Λ(Γ), or rather, to what extend is the size of Λc(Γ) able to determine
the size of Λ(Γ). In particular, Kapovich [Kap09, Problem 1.6] asked the following question,
Question 1.1. Is every finitely generated Kleinian group Γ < Isom(Hn) with δ(Γ) < 1
geometrically finite?
In the present paper, we partly answer this in the affirmative while considering in a
slightly more general context.
Theorem 1.2. Let Γ < Isom(X) be a finitely generated, torsion-free, discrete isometry sub-
group of an n-dimensional Hadamard manifold with negatively pinched sectional curvature
−κ2 ≤ K ≤ −1. If δ(Γ) < D(n, κ) for some positive constant depending only on n, κ, then
Γ is convex cocompact.
Remark 1.3. For 3-dimensional finitely generated Kleinian groups Γ, Bishop and Jones
[BJ97] showed it is geometrically finite if δ(Γ) < 2, and Hou [Hou10, Hou20, Hou16] proved
that it is a classical Schottky group if dimH(Λ(Γ)) < 1.
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In [Kap09], Kapovich established a relation between the homological dimension and the
critical exponent of a Kleinian group. Similar homological vanishing feature has been ex-
tended to other rank one symmetric spaces by Connell, Farb and McReynolds [CFM16]. It
is conjectured [Kap09, Conjecture 1.4] that the virtual cohomological dimension vcd(Γ) is
bounded above by δ(Γ) + 1. Under the condition δ(Γ) < 1, it is equivalent [Sta68] to ask
(See also a weaker form in [Bes04, Question 5.6].):
Question 1.4. Is every finitely generated Kleinian group Γ < Isom(Hn) with δ(Γ) < 1
virtually free?
In the same paper, Kapovich gives a positive answer to this question under a stronger
assumption that Γ is finitely presented. On the other hand, when δ(Γ) is sufficiently small,
our Theorem 1.2 automatically implies dimH(Λ(Γ)) = δ(Γ) < D(n, κ) < 1. Following the
classical result of Kulkarni [Kul78], we prove:
Corollary 1.5. For any finitely generated discrete isometry subgroup Γ < Isom(Hn), if
δ(Γ) < D(n) for some positive constant depending only on n, then Γ is virtually free.
Remark 1.6. Under the assumption that dimH(Λ(Γ)) < 1, Pankka and Souto [PS19]
proved that any torsion free Kleinian group (not necessarily finitely generated) is free.
Neverthless, it is strongly suggested that the answer to Question 1.4 should be positive
for any finitely generated, discrete isometry subgroup of a Hadamard manifold with pinched
negative curvature −κ2 ≤ K ≤ −1. If in addition we know Γ is free, then the constant
D(n, κ) in Theorem 1.2 can actually be made effective, and independent of n and κ.
Theorem 1.7. Let Γ < Isom(X) be a finitely generated, virtually free, discrete isometry
subgroup of an n-dimensional Hadamard manifold with pinched negative curvature −κ2 ≤
K ≤ −1. If δ(Γ) < 1
16
, then Γ is convex cocompact.
Thus, in view of Kapovich’s result [Kap09, Corollary 1.5], we obtain,
Corollary 1.8. Any finitely presented Kleinian group with δ(Γ) <
1
16
is convex cocompact.
One of the main efforts in our proofs is to investigate the geometric properties of the
quotient manifold M = X/Γ under the condition that δ is small. While these results are
only restricted to δ < 1, we still find that they might be of independent interest and worth
highlighting. The following theorem is closely related to the classical Plateau’s problem,
where we obtain a certain type of linear isoperimetric inequality for the quotient manifold
M = X/Γ.
Theorem 1.9. Suppose that C is a union of smooth loops in M = X/Γ which represents
a trivial homology class in H1(M,Z). If δ(Γ) = δ < 1, then there exists a smooth surface
Σ ⊂M such that ∂Σ = C and
Area(Σ) ≤ 4
1− δ ℓ(C)
where ℓ(C) denotes the total length of the smooth loops in C.
Finitely generated Kleinian groups in dimension 3 has only finitely many cusps [Sul81],
but the same result does not hold in higher dimensions [Kap95]. As an application of
Theorem 1.9, we show that under the assumption δ < 1, the ǫ-thin part of M has only
finitely many connected components when ǫ is small enough. In particular, M has only
finitely many cusps.
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Theorem 1.10. Let Γ < Isom(X) be a finitely generated, torsion-free, discrete isometry
subgroup of an n-dimensional Hadamard manifold with pinched negative curvature −κ2 ≤
K ≤ −1. Suppose that δ(Γ) < 1, one has:
(1) The number of cusps in M = X/Γ is no greater than the first Betti number of M .
(2) M has bounded geometry, that is, the noncuspidal part of M has a uniform lower
bound on the injectivity radius.
(3) Γ is convex cocompact if and only if the injectivity radius function on M is proper.
Outline of the proofs of Theorem 1.2 and Theorem 1.7. We first observe that
whenever δ < 1 there is an area-decreasing self-map (the Besson-Courtois-Gallot map) on
M . This allows us to prove the linear isoperimetric type inequality as in Theorem 1.9,
from which we deduce further that closed geodesics on M asymptotically have uniformly
bounded normal injectivity radii. Next, we use the result from [KL19] which states that Γ
is geometrically infinite if and only if there exists an escaping sequence of closed geodesics.
Arguing by contradiction, we assume there is one such escaping sequence, from which we can
find a subsequence whose lengths and normal injectivity radii are both uniformly bounded.
Finally, using the idea of infinite descent, we can find two loxodromic isometries with small
translations. This means the non-elementary subgroup generated by the two isometries will
have large critical exponent, thus leading to a contradiction if we assume δ is small enough.
Organization of the paper. In Section 2, we review some elementary results of negatively
pinched Hadamard manifolds and the Besson-Courtois-Gallot map. In Section 3, we give
the proofs of Theorem 1.9 and Theorem 1.10. In Section 4, we prove Theorem 4.1, which
together with Theorem 1.10 implies Theorem 1.2 and Theorem 1.7.
Acknowledgments. We would like to thank Grigori Avramidi, Igor Belegradek, Lvzhou
Chen, Joel Hass, Michael Kapovich, Gabriele Viaggi and Zhichao Wang for helpful dis-
cussions. We are also grateful to Max Planck Institute for Mathematics in Bonn for its
hospitality and financial support.
2. Preliminaries
2.1. Discrete isometry groups. Let X be a complete, simply connected, n-dimensional
Riemannian manifold of pinched negative curvature −κ2 ≤ K ≤ −1 where κ ≥ 1. The
Riemannian metric onX induces the distance function dX and (X, dX ) is a uniquely geodesic
space. With the curvature assumption, the metric space (X, dX ) is Gromov hyperbolic,
where the hyperbolicity constant δ0 can be chosen as cosh
−1(
√
2), i.e. every geodesic triangle
in X is δ0-slim.
By the Cartan-Hadamard theorem, X is diffeomorphic to the Euclidean space Rn via the
exponential map at any point in X. We can naturally compactify X by adding the ideal
boundary ∂∞X, thus the compactified space X¯ = X ∪ ∂∞X is homeomorphic to the unit
n-ball Bn.
Every isometry γ ∈ Isom(X) extends the action to the ideal boundary, so it induces a
diffeomorphism on X¯. Based on its fixed point set Fix(γ), the isometry γ on X can be
classified as follows:
(1) γ is parabolic if Fix(γ) is a singleton {p} ⊂ ∂∞X.
(2) γ is elliptic if it has a fixed point in X. In this case, the fixed point set Fix(γ) is a
totally geodesic subspace of X invariant under γ. In particular, the identity map is
elliptic.
(3) γ is loxodromic if Fix(γ) consists of two distinct points p, q ∈ ∂∞X. In this case, γ
stabilizes and translates along the geodesic pq, and we call the geodesic pq the axis
of γ.
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One can also use the translation length to classify the isometries on X. For each isometry
γ ∈ Isom(X), we define its translation length τ(γ) as
τ(γ) := inf
x∈X
dX(x, γ(x)).
The isometry γ is loxodromic if and only if τ(γ) > 0. In this case, the infimum is attained
exactly when the points are on the axis of γ. The isometry γ is paraoblic if and only if
τ(γ) = 0 and the infimum is not attained. The isometry γ is elliptic if and only if τ(γ) = 0
and the infimum is attained.
Let Γ < Isom(X) be a discrete subgroup which acts on X properly discontinuously. If
Γ is torsion-free, then any nontrivial elements in Γ is either loxodromic or parabolic. We
denote the quotient manifold X/Γ by M .
Recall that the critical exponent δ(Γ) of a torsion-free discrete isometry group Γ <
Isom(X) is defined to be:
δ(Γ) := inf{s :
∑
γ∈Γ
exp(−sdX(p, γ(p))) <∞},
where p is a given point in X. Note that δ(Γ) is independent of the choice on p.
We will need to use the following proposition later in the proofs.
Proposition 2.1. [KL19, Corollary 6.12] Let w ∈ M = X/Γ be a piecewise geodesic loop
which consists of r geodesic segments, and let α be the closed geodesic free homotopic to w
such that the length ℓ(α) ≥ ǫ > 0, then α is contained in the D-neighborhood of the loop w
where
D = cosh−1(
√
2)⌈log2 r⌉+ sinh−1(2/ǫ) + 2δ0.
Remark 2.2. The original corollary was stated under the extra assumption that α is simple.
However, the proof of [KL19, Corollary 6.12] does not rely on this fact so we have removed
the assumption here.
2.2. Thick-thin decomposition. Given an isometry γ ∈ Isom(X), and a constant ǫ > 0,
we define the Margulis region Mar(γ, ǫ) of γ as
Mar(γ, ǫ) := {x ∈ X | dX(x, γ(x)) ≤ ǫ}.
It is a convex subset by the convexity of the distance function. Given a point x ∈ X, and
a constant ǫ > 0, the set
Fǫ(x) := {γ ∈ Isom(X) | dX(x, γx) ≤ ǫ}
consists of all isometries that translate x in a distance at most ǫ. For any discrete subgroup
Γ < Isom(X), we denote by Γǫ(x) the group generated by Fǫ(x) ∩ Γ. The Margulis lemma
[BGS85, Theorem 9.5] states that Γǫ(x) is a finitely generated virtually nilpotent group for
any 0 < ǫ < ǫ(n, κ), where ǫ(n, κ) is the Margulis constant depending on the dimension n
of X and the sectional curvature bound κ.
We define the Γ-invariant set
Tǫ(Γ) := {p ∈ X | Γǫ(p) is infinite},
and the thin part (more precisely, the ǫ-thin part) of the quotient orbifold M = X/Γ, which
we denote by thinǫ(M), is defined to be Tǫ(Γ)/Γ. The closure of the complementM\thinǫ(Γ)
is called the thick part of M , denoted by thickǫ(M). The thin part consists of bounded and
unbounded components. The bounded components are called the Margulis tubes, which are
tubular neighborhoods of short closed geodesics. The unbounded components are called the
Margulis cusps, which can be described more precisely as follows.
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Denote the fixed point set of Γ as
Fix(Γ) :=
⋂
γ∈Γ
Fix(γ).
A discrete subgroup P < Γ is called a parabolic subgroup if Fix(P ) consists of a single
point ξ ∈ ∂∞X. Given a constant 0 < ǫ < ǫ(n, κ), and a maximal parabolic subgroup
P < Γ, Tǫ(P ) ⊂ X is precisely invariant under P , and we have stabΓ(Tǫ(P )) = P , [Bow95,
Corollary 3.5.6]. In this case, Tǫ(P )/P can be regarded as a subset of M , called a Margulis
cusp. The cuspidal part of M is the union of all Margulis cusps, denote by cuspǫ(M). Note
that cuspǫ(M) ⊂ thinǫ(M).
In our context, the parabolic subgroups in Γ (hence also the cuspidal part of M) turn
out to be very simple due to the following proposition.
Proposition 2.3. Let Γ < Isom(X) be a torsion-free, discrete isometry group, and P < Γ
be any parabolic subgroup. Suppose δ is the critical exponent of Γ and P has polynomial
growth rate r, then we have r ≤ 2δ. Thus,
(1) if δ < 1, then all parabolic subgroups (if they exist) are isomorphic to Z.
(2) if δ < 1/2, then all non-trivial isometries in Γ are loxodromic.
Proof. Let H be a horosphere that P acts on and choose any basepoint O ∈ H. Denote
dH the horospherical distance and dP the Cayley metric with respect to some fixed finite
generating set of P . Then there exists a constant C > 0 such that
dH(O, γO) ≤ C · dP (1, γ)
holds for all γ ∈ P . By [HIH77, Theorem 4.6], there exists a constant C ′ > 0 such that for
any p, q ∈ H with dX(p, q) > C ′, we have
dX(p, q) ≤ 2 ln
(
C ′ · dH(p, q)
)
.
By possibly replacing C and C ′ by a larger constant, we might assume C ′ = C. Therefore,
we obtain from the above the following asymptotic inequalities (for R large)
|{γ ∈ P : dP (1, γ) ≤ R}| ≤ |{γ ∈ P : dH(O, γO) ≤ C ·R}|
.
∣∣∣{γ ∈ P : dX(O, γO) ≤ 2 ln(C2 ·R)}∣∣∣
≃ e2 ln(C2·R)δ(P )
≃ R2δ(P ),
where δ(P ) is the critical exponent of P . Since δ(P ) ≤ δ, it follows that r ≤ 2δ.
In particular, if δ < 1, then r < 2 and by the Bass-Guivarc’h formula [Bas72, Gui73],
P must be virtually Z. But since P is torsion-free, it must be Z [Sta68]. If δ < 1/2, then
r < 1 and P can not exist. Thus all non-trivial elements in Γ are loxodromic. 
2.3. Geometric finiteness. Recall that the limit set Λ(Γ) of a discrete subgroup Γ <
Isom(X) is defined to be the set of accumulation points of the Γ-orbit Γ(p) in ∂∞X, where
p is an arbitrary given point in X, and the definition is independent of the choice on p. If
Λ(Γ) is finite, then Γ is called elementary. Otherwise, it is called nonelementary.
We denote Hull(Λ) ⊂ X the closed convex hull of Λ ⊂ ∂∞X, which is the smallest closed
convex subset in X whose accumulation set in ∂∞X is Λ, and denote C(Γ) = Hull(Λ)/Γ
the convex core of Γ.
A discrete isometry subgroup Γ is geometrically finite if the noncuspidal part of the
convex core C(Γ) in M = X/Γ is compact. Otherwise, it is called geometrically infinite.
Moreover, if C(Γ) is compact, then the discrete subgroup Γ is called convex cocompact.
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There are various equivalent definitions of geometric finiteness, but for the interest of
this paper, we will only mention one of them proved by Kapovich and the first author. For
the other equivalent definitions, we refer the readers to [Bow95]. The following theorem is
a generalization of a previous result of Bonahon [Bon86].
Theorem 2.4. [KL19, Theorem 1.5] A discrete subgroup Γ < Isom(X) is geometrically
infinite if and only if there exists a sequence of closed geodesics αi ⊂ M = X/Γ which
escapes every compact subset of M .
2.4. Admissible surfaces. In this section, we give a sketch on the existence of admissible
surfaces. For a more detailed discussion, see [Cal09, Section 1.1.5].
Let Y be a topological space. Suppose that γ ∈ π1(Y ) is a conjugacy class represented
by a loop w ∈ Y . If γ has a representative in the commutator subgroup [π1(Y ), π1(Y )], the
loop w bounds an oriented surface in Y . Indeed, we can write
γ = [α1, β1] · · · [αg, βg]
where αi, βi ∈ π1(Y ) and g ≥ 1.
Recall that an oriented genus g surface Σ with one boundary component can be obtained
by a (4g + 1)-gon P by gluing sides in pairs. Its fundamental group π1(S) is a free group
generated by a1, b1, · · · , ag, bg, and the boundary component represents the conjugacy class
[a1, b1] · · · [ag, bg].
Once we choose loops in Y representing αi, βi, γ, we can construct a map f : ∂P → Y
by sending the edges corresponding to ai (or bi) to the loops representing αi (or βi, re-
spectively), and the free side to the loop representing γ. The map f factors through the
quotient map ∂P → Σ and it can be extended to a map f : Σ→ Y sending ∂Σ to the loop
w representing γ, since f(∂P ) is null-homotopic in X.
Similarly, the result holds for a union of multiple loops. Suppose γ1, ..., γk ∈ π1(Y )
are represented by loops w1, ..., wk ⊂ Y such that ∏ki=1 γi is in the commutator subgroup
[π1(Y ), π1(Y )]. Then we can choose a loop w ⊂ Y representing the conjugacy class of∏k
i=1 γi and that w together with ∪ki=1wi bounds an k-punctured disk in Y via the free
homotopy. By the discussion above, w bounds an oriented surface. After gluing in the
k-punctured disk, we conclude that ∪ki=1wi bounds an oriented surface in Y .
Thus we can make the following definition.
Definition 2.5. Let Y be a topological space such that π1(Y ) = Γ. Suppose γ1, ..., γk
are elements in Γ whose product is in [Γ,Γ]. Let φi : S
1 → Y represent the conjugacy
class of γi. Denote a compact oriented (not necessarily connected) surface with k boundary
components by Σ. We say a map f : Σ→ Y is admissible if there is a commutative diagram:
∂Σ Σ
⋃
i S
1 Y
i
∂f f
∪φi
Note that the orientation of the surface Σ induces an orientation on ∂Σ, and so
(∂f)∗([∂Σ]) = [∪S1].
Recall that H1(Y ) = π1(Y )/[π1(Y ), π1(Y )]. So any set of loops {wi} whose union rep-
resents a homologically trivial element in Y bounds at least one admissible surface. When
Y is a complete smooth manifold, we can choose the admissible surfaces to be smooth. For
the convenience, in the rest of the paper, we identify Σ with its image in Y and view the
map f as a parameterization, we simply say the loops
⋃
iwi bounds a (smooth) surface Σ
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in Y . Later on, when we talk about the area of Σ (or a smooth region of Σ), we mean the
area (counting multiplicity) under the restricted pseudo-metric from gY . More precisely, we
define
A(Σ) :=
∑
α
ϕαA(Uα) =
∑
α
ϕα
∫
Uα
det
Ñ
gY (
∂f
∂x
(α)
i
,
∂f
∂x
(α)
j
)
é 1
2
dx
(α)
1 ∧ dx(α)2 ,
where (Uα, x
(α)
i ) is any choice of local charts on Σ, and {ϕα} is a partition of unity subor-
dinated to Uα.
2.5. Besson-Courtois-Gallot map. In this section, we give a brief introduction to the
Besson-Courtois-Gallot map and we refer the readers to [BCG08] for a more detailed expo-
sition. First we recall that given any discrete subgroup Γ < Isom(X), there exists a family
of positive finite Borel measures called the Patterson-Sullivan measures, which satisfy:
(1) µx is Γ-equivariant, for all x ∈ X,
(2) dµx(θ) = e
−δB(x,θ)dµo(θ), for all x ∈ X, and θ ∈ ∂∞X,
where δ is the critical exponent of Γ, o is a basepoint on X, and B(x, θ) is the Busemann
function on X with respect to o. Recall that, the Busemann function B is defined by
B(x, θ) = lim
t→∞
(d(x, αθ(t))− t)
where αθ(t) is the unique geodesic ray from o to θ.
We note that the Busemann function B(x, θ) is convex on X. If µ is any finite Borel
measure supported on at least two points on ∂∞X, then the following function
x 7→ Bµ(x) :=
∫
∂∞X
eB(x,θ)dµ(θ)
is strictly convex, and one can check it tends to +∞ as x→ ∂∞X. Hence we can define the
barycenter bar(µ) of µ to be the unique point in X where the function attains its minimum.
Now we construct the following map F˜ : X → X that is given by
F˜ (x) = bar(e−B(x,θ)µx).
Theorem 2.6 (Besson-Courtois-Gallot[BCG08]). The map F˜ constructed above satisfies,
(1) F˜ is Γ-equivariant, thus descends to a map F :M →M .
(2) F is smooth and homotopic to the identity.
(3) | Jacp(F )| ≤
Ä
1+δ
p
äp
for any integer 1 ≤ p ≤ n.
Remark 2.7. The case of p = 1 in (3) is not directly stated in the paper, however it is
clear from the 2-form equation [BCG08, Equation 4.11] that ||dF || ≤ (1 + δ). Throughout
this paper, we will only apply the cases p = 1, 2.
Notations. In the rest of the paper, X always denotes a negatively pinched Hadamard
manifold with sectional curvature −κ2 ≤ K ≤ −1, and Γ < Isom(X) denotes a torsion-free
discrete isometry subgroup. Let M = X/Γ be the quotient manifold, π : X → M be the
quotient map, and d be the distance on M . Let δ denote the critical exponent of Γ and
C(δ) = 4/(1 − δ). We use ℓ,A to denote the length and area function respectively. We
let inj(x) denote the injectivity radius at a point x ∈M , and let NJ(S) denote the normal
injectivity radius of a submanifold S ⊂M (see Section 3.2).
3. Geometry with small critical exponent
In this section, we investigate the geometry of the quotient manifold M under the as-
sumption δ < 1.
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3.1. Linear isoperimetric type inequality. The study of isoperimetric problem has a
great long history. In the classical context, given a region Ω ⊂ R2, it is natural to ask what
is the optimal relation between its area A(Ω) and the length of its bounding curve ℓ(∂Ω). It
is proved that there is a quadratic relation A(Ω) ≤ ℓ(∂Ω)2/4π, and the equality holds if and
only if Ω has a circular boundary. However, the main interest of this paper has driven us to
consider in a slightly different context. Let M = X/Γ be a complete quotient manifold and
C ⊂M be a union of smooth loops which represents a trivial homology class in M . By the
discussion in Section 2.4, C bounds an admissible surface. Among all admissible surfaces we
choose an area minimizer Σ. (Σ might not be well defined but A(Σ) is.) We are interested
to know the relation between A(Σ) and ℓ(∂Σ).
Definition 3.1. We say a family of loops F = {α1, ..., αk} in M is irreducible if either
(1) k = 1 and α1 represents a trivial or torsion homology class, or
(2) F consists of torsion free homology classes that are linearly dependent in H1(M,Z),
and any non-trivial subfamily of F are linearly independent.
Suppose F = {α1, ..., αk} is an irreducible family of loops. In case (1), F consists of one
homology class [α], so there is a minimal positive integer c such that c · [α] = 0. In case (2),
there exists a unique (up to a sign) set of integers c1, ..., ck such that gcd(c1, ..., ck) = 1 and∑k
i=1 ci · [αi] = 0 in H1(M). Thus, there exist admissible surfaces in M bounded by c · [α]
(or
⋃k
i=1 ciαi) and by irreducibility they are necessarily connected. Note that ciαi denotes
the ci multiple of αi and when ci is negative, it means to reverse the orientation of αi. We
call the set of integers c1, ..., ck (or c if in case (1)) the associated integers of the irreducible
family.
Theorem 3.2. Let F = {α1, ..., αk} be any family of smooth loops in M which are linearly
dependent in H1(M,Z) such that there are integers c1, ..., ck satisfying
∑k
i=1 ci · [αi] = 0
in H1(M). Suppose the critical exponent δ < 1, then
⋃k
i=1 ciαi bounds a smooth surface
Σ0 ⊂M whose area satisfies
A(Σ0) ≤ 4
1− δ ℓ(∂Σ0) =
4
1− δ
(
k∑
i=1
|ci|ℓ(αi)
)
.
Proof. It is sufficient to assume F is irreducible, otherwise decompose F into irreducible
subfamilies and use the additivity of area and length functions on disjoint unions. We
consider the set S which consists of all piecewise smooth surfaces in M that is bounded
by
⋃k
i=1 ciαi, and let A0 = inf{A(Σ) : Σ ∈ S}. To avoid possible existence and regularity
issues (see the following remark) of minimal surfaces inM , we can choose a piecewise smooth
surface Σǫ ∈ S such that A(Σǫ) ≤ (1 + ǫ)A0 for any ǫ > 0. Applying the Besson-Courtois-
Gallot map F as described in Section 2.5, we obtain a piecewise smooth surface F (Σǫ)
whose boundary is
⋃k
i=1 ciF (αi). By Theorem 2.6 we have that F (αi) is free homotopic to
αi and
A (F (Σǫ)) ≤
Å
1 + δ
2
ã2
A(Σǫ), ℓ (F (αi)) ≤ (1 + δ)ℓ(αi).
For each αi, we build a cylindrical homotopy Σi between αi and F (αi), which is the image
of union of two geodesic cones Conep
Ä
F˜ (α˜)
ä
and Coneγ(q) (α˜) under the projection π : X →
M , see Figure 1. Here γ ∈ Γ is an element represented by α, α˜ is a lift of α, and both p, q
and γ(p), γ(q) are connected by geodesics.
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Figure 1.
To estimate the area of Σi, we will need the following lemma.
Lemma 3.3. For any p ∈ X and any smooth curve α ⊂ X, the geodesic cone Conep(α)
has area bound
A (Conep(α)) ≤ ℓ(α).
Proof. We parameterize the smooth curve by α : [0, 1]→ X, and denote D(s) = d(p, α(s)).
The geodesic cone Conep(α) can be parameterized by the smooth map
Φ : [0, 1] × [0,D(s)]→ X
(s, t) 7→ expp (tβ(s))
where β(s) is the unit vector in the direction of the preimage of α under the exponential map,
i.e. the unique curve in TpX satisfying expp (D(s)β(s)) = α(s). Since α(s) = Φ(s,D(s)) we
have
α′(s) =
ï
∂Φ
∂s
+
∂Φ
∂t
·D′(s)
ò
(s,D(s)) .
Let γs(t) = Φ(s, t). For each s, it is a unit speed geodesic connecting p to α(s), so at any
point (s, t) ∈ [0, 1] × [0,D(s)], we have that
∂Φ
∂t
= γ′s(t),
∂Φ
∂s
= Js(t),
where Js(t) is the unique Jacobi field along γs satisfying Js(0) = 0 and Js(D(s)) =
∂Φ
∂s (s,D(s)) = α
′(s) − γ′s(D(s)) · D′(s), which is the projection of α′(s) orthogonal to
γ′s(D(s)). This implies that Js(t) is a normal Jacobi field and that
∂Φ
∂t ⊥ ∂Φ∂s . Therefore, we
obtain
| Jac(Φ)| = ||∂Φ
∂s
∧ ∂Φ
∂t
|| = ||∂Φ
∂s
|| · ||∂Φ
∂t
|| = ||Js(t)||.
Using [HIH77, Proposition 2.3] and the curvature assumption K ≤ −1, we can estimate the
norm of the Jacobi fields by
||Js(t)|| ≤ sinh t
sinh(D(s))
· ||Js(D(s))|| ≤ sinh t
sinh(D(s))
· ||α′(s)||.
10 BEIBEI LIU AND SHI WANG
Finally we obtain the area estimate of the geodesic cone by
A (Conep(α)) ≤
∫ 1
0
∫ D(s)
0
| Jac(Φ)| dt ds
≤
∫ 1
0
∫ D(s)
0
sinh t
sinh(D(s))
· ||α′(s)|| dt ds
≤ ℓ(α).

Now we continue with the proof. By the lemma above, we have A(Σi) ≤ ℓ(αi) +
ℓ (F (αi)) ≤ (2 + δ)ℓ(αi). If we glue ⋃ki=1 ciΣi onto F (Σǫ), we get a new piecewise smooth
surface Σ′ǫ with boundary
⋃k
i=1 ciαi, and by the assumption A(Σ
′
ǫ) ≥ A0. On the other
hand, combining the above inequalities we have
A0 ≤ A(Σ′ǫ) = A (F (Σǫ)) +
k∑
i=1
|ci| · A(Σi)
≤
Å
1 + δ
2
ã2
(1 + ǫ)A0 + (2 + δ)
(
k∑
i=1
|ci|ℓ(αi)
)
.
Thus let ǫ→ 0, we obtain
A0 ≤ 4(2 + δ)
(1− δ)(3 + δ)
(
k∑
i=1
|ci|ℓ(αi)
)
<
4
1− δ
(
k∑
i=1
|ci|ℓ(αi)
)
.
Therefore, we can always choose a piecewise smooth surface in S whose area is arbitrarily
close to A0 and we can always smoothen it with arbitrarily small increase on the area. In
particular, there is a smooth surface Σ0 with area
A(Σ0) ≤ 4
1− δ
(
k∑
i=1
|ci|ℓ(αi)
)
.

Remark 3.4. The existence and regularity of minimal surfaces for a general complete
manifold relates to the generalized Plateau’s problem, which has been studied in [Mor48].
If there is a uniform lower bound on the injectivity radius on M , then the condition of
“homogeneously regular” in [Mor48] is satisfied hence the existence and regularity of the
area minimizer holds. Although later in Theorem 3.6 we do manage to showM has bounded
geometry, yet the proof relies on this theorem hence using this will fall into a circular
reasoning.
We do not pursue the optimal bound in the theorem above. Indeed, the linear isoperi-
metric constant we produce via this method will always tend to infinity as δ → 1. This
stands as an obstacle in improving our main theorems as δ approaches 1.
3.2. Asymtotically uniformly bounded tubular neighborhood. Let S ⊂ M be a
smooth submanifold, denote N(S,M) = {(x, v) ∈ TM : x ∈ S and v ⊥ TxS} the normal
bundle of S in M , and denote Nr(S,M) = {(x, v) ∈ N(S,M) : |v| < r} the r-normal
bundle of S in M . Fix an r > 0, at each point x ∈ S, the exponential map expx sends the
x-fiber of the r-normal bundle to M . The union
⋃
x∈S{expx(v) : (x, v) ∈ Nr(S,M)} forms
the r-neighborhood of S in M . The normal injectivity radius of S, denoted by NJ(S), is
defined to be the supremum of r such that the exponential maps send the r-normal bundle
of S diffeomorphically to the r-neighborhood of S. By convention, if the submanifold
has a self-intersection, we declare that it has normal injectivity radius zero. In the case
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where r ≤ NJ(S), we say the union ⋃x∈S{expx(v) : (x, v) ∈ Nr(S,M)} is the r-tubular
neighborhood of S in M .
Lemma 3.5. Let α be a closed geodesic in M with NJ(α) = R > 0, and let TR(α) be
its R-tubular neighborhood in M . If Σ is any smooth surface whose boundary is a disjoint
union ∂Σ = kα ∪ α′ such that either α′ is empty, or dM (α′, α) ≥ R. Then
A(Σ ∩ TR(α)) ≥ kR · ℓ(α).
Proof. Let f : M → R be the function given by f(x) = d(x, α). Since M is negatively
curved, there is no conjugate point on M . Thus for any x with f(x) < R, there is a
unique geodesic projection onto α. Then f is smooth in TR(α)\α with ||∇f || = 1, and any
r ∈ (0, R) is a regular value of f . If we restrict f on Σ then r might not be a regular value.
But by Sard’s theorem, almost all values r ∈ (0, R) are regular with respect to f |Σ, in which
case the level sets are unions of smooth circles on Σ. Applying the coarea formula [BZ13,
Section 13.4], we obtain
A(Σ ∩ TR(α)) ≥
∫
Σ∩TR(α)
||∇(f |Σ)||dVΣ
=
∫ R
0
Ç∫
f−1(t)∩Σ
ds
å
dt
where the double integral only depends on regular values t and ds can be viewed as the
length parameter. By the assumption, other boundary components (if any) of Σ do not
intersect TR(α), so f
−1(t) ∩ Σ (up to some orientation) is homologous to kα on Σ, hence
also onM . Since t < R = NJ(α), f−1(t)∩Σ is in fact freely homotopic to kα. More precisely,
for almost all t ∈ (0, R), if we write f−1(t) ∩ Σ as a disjoint union of circles ∪mi=1αi, then
each αi is a smooth loop free homotopic to kiα for ki ∈ Z, since the fundamental group
of the R-neighborhood of α is a cyclic group generated by the conjugacy class represented
by α. (Some ki could be zero in which case αi is homotopically trivial in M .) Note that∑m
i=1 ki = k and α is a closed geodesic. We have that ℓ
(
f−1(t) ∩ Σ) = ∑mi=1 ℓ(αi) ≥∑m
i=1 |ki|ℓ(α) ≥ kℓ(α). Combining with the above integral inequality, the lemma follows.

Now we can prove (1) and (2) of Theorem 1.10.
Theorem 3.6. Let N be the number of cusps in M , and β1(Γ) be the first Betti number of
M . Suppose δ < 1, then we have the following.
(1) N ≤ β1(Γ),
(2) If an integer k > β1(Γ) − N , then for any family of closed geodesics {α1, ..., αk}
that are mutually (2C(δ) + 1) apart, there exists at least one closed geodesic whose
normal injectivity radius is ≤ C(δ), where C(δ) = 4/(1 − δ).
(3) M has bounded geometry.
Proof. For (1), suppose to the contrary N > β1(Γ) (N possibly infinite). We choose ǫ small
enough so that the cuspidal part cuspǫ(M) consists of N disjoint components
⋃N
i=1M
(i)
ǫ .
For each component M
(i)
ǫ , the corresponding parabolic subgroup Pi is infinite cyclic by
Proposition 2.3, so we can choose γi ∈ Pi < Γ which represents a non-trivial torsion free
homology class in Pi (not necessarily in Γ). Since N > β(Γ), {[γi]} is linearly dependent
in H1(M). We can choose an irreducible subfamily containing [γ1] and without loss of
generality we assume this to be {γ1, ..., γk} where k ≤ β(Γ) + 1 < ∞. Let c1, ..., ck be the
associated integers such that
∑k
i=1 ci · [γi] = 0 (with c1 6= 0). On each component M (i)ǫ , we
choose a thinner part M
(i)
ǫ/2 ⊂ M
(i)
ǫ and let Ti = M
(i)
ǫ \M (i)ǫ/2. In particular, Ti are disjoint
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and for any x ∈ Ti, we have inj(x) ≥ ǫ/4. We choose a loop αi ⊂ M (i)ǫ/2 representing [γi]
such that ℓ(αi) is so small that
∑k
i=1 |ci|ℓ(αi) < ǫ2/16C(δ) [Bow95, Proposition 1.1.11].
By Theorem 3.2,
⋃k
i=1 ciαi bounds a smooth connected (irreducibility forces connectivity)
surface Σ whose area satisfies
A(Σ) ≤ C(δ)
(
k∑
i=1
ciℓ(αi)
)
< ǫ2/16.
But on the other hand, since γ1 is homologically non-trivial in P1, Σ has to leave M
(1)
ǫ , and
in particular it intersects T1. If we set f(x) = inj(x) (or any smooth perturbation), then
for any t ∈ (ǫ/4, ǫ/2), the restricted level set f−1(t) ∩ Σ ∩ T1 is homologous to c1α1. So it
is homotopically non-trivial in M . Thus it follows that ℓ(f−1(t)∩Σ∩ T1) ≥ ǫ/4. Note that
f(x) is 1-Lipschitz, so similar to the proof of Lemma 3.5, we can estimate A(Σ∩T1) by the
coarea formula
A(Σ ∩ T1) ≥
∫ ǫ/2
ǫ/4
ℓ(f−1(t) ∩ Σ ∩ T1) ≥ ǫ2/16.
This is a contradiction.
For (2), suppose there are k = β1(Γ) − N + 1 mutually (2C(δ) + 1) apart simple closed
geodesics α1, ..., αk whose normal injectivity radii are > C(δ). To illustrate the idea, we first
assume M has no cusp. Then [α1], ..., [αk ] are linearly dependent on H1(M). By Theorem
3.2, there exist integers c1, ..., ck such that
⋃k
i=1 ciαi bounds a smooth surface Σ whose area
satisfies
A(Σ) ≤ C(δ)
(
k∑
i=1
|ci|ℓ(αi)
)
.
Let Ri = NJ(αi) and by the assumption Ri > C(δ), so we can pick ǫ > 0 small enough so
that ǫ < 1/2 and C(δ) + ǫ < Ri for all i. Denote Ti the (C(δ) + ǫ)-tubular neighborhood of
αi, and since {αi} are mutually (2C(δ) + 1) apart, {Ti} are disjoint. Therefore by Lemma
3.5, we have
(3.1) A(Σ) ≥
k∑
i=1
A(Σ ∩ Ti) ≥ (C(δ) + ǫ)
(
k∑
i=1
|ci|ℓ(αi)
)
.
This is a contradiction.
For the general case, we pick as in (1) non-trivial torsion free homology classes {[γ1], ..., [γN ]}
on each cusp component. This together with [α1], ..., [αk] form a linearly dependent system
on H1(M). We choose an irreducible system containing [α1], and without loss of gen-
erality we assume it to be {[γ1], ..., [γN ], [α1], ..., [αk ]}. Thus there are integers b1, ..., bN
and c1, ..., ck such that
∑N
i=1 bi[γi] +
∑k
j=1 cj[αj ] = 0. Now we choose loops ηi on each
cusp component representing γi such that ℓ(ηi) is sufficiently small so that
∑N
i=1 |bi|ℓ(ηi) <
ǫ
Ä∑k
j=1 |cj |ℓ(αj)
ä
/C(δ), where ǫ is the same constant as above in the non-cusp case. By
Theorem 3.2,
Ä⋃N
i=1 biηi
ä
∪
Ä⋃k
j=1 cjαj
ä
bounds a smooth surface Σ whose area satisfies
A(Σ) ≤ C(δ)
Ñ
N∑
i=1
|bi|ℓ(ηi) +
k∑
j=1
|cj |ℓ(αj)
é
.
Thus we have
A(Σ) < C(δ)
Ç
1 +
ǫ
C(δ)
åÑ k∑
j=1
|cj |ℓ(αj)
é
= (C(δ) + ǫ)
Ñ
k∑
j=1
|cj |ℓ(αj)
é
.
However, the area lower bound estimate in (3.1) still holds, and this gives a contradiction.
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For (3), suppose M has unbounded geometry, that is, there exists a sequence of closed
geodesics {αi} with ℓ(αi) → 0. When ℓ(αi) is smaller than the Margulis constant, αi
determines a Margulis tube whose radius tends to ∞ as ℓ(αi) → 0. (See for example
[BCD93, Lemma 2.4].) In particular, the normal injectivity radius NJ(αi) → ∞. By
passing to a subsequence, we can assume that the geodesics αi are arbitrarily far apart and
their normal injectivity radii are all > C(δ), which contradicts to (2). 
Remark 3.7. In general, there are examples [Kap95] of higher dimensional Kleinian groups
with infinitely many cusps.
We end this section by the following corollary which turns out to be essential to our
proofs of the main theorems. It is a direct consequence of (2) of Theorem 3.6. Roughly
speaking, if δ < 1, then closed geodesics asymptotically have uniformly bounded tubular
neighborhoods.
Corollary 3.8. Suppose δ < 1, and M has a sequence of escaping closed geodesics. Then
there exists a subsequence of escaping closed geodesics whose normal injectivity radii are
≤ C(δ).
3.3. Decomposing a closed geodesic. Suppose α is a closed geodesic inM with NJ(α) ≤
C(δ). By definition, there exists x0 ∈ M achieving the normal injectivity radius such that
it projects to α in two different geodesic minimizing paths. The two geodesic paths have
an angle of π. Thus we can decompose α into two piecewise geodesic loops α′ and α′′ as
shown in Figure 2. It is clear that both α′ and α′′ represent nontrivial elements in Γ, and
their lengths satisfy ℓ(α′) + ℓ(α′′) ≤ ℓ(α) + 4C(δ).
Figure 2.
Equivalently, in the universal cover (as shown in Figure 3), there exists an isometry g ∈ Γ
and x˜0 ∈ X such that
d(x˜0, Ai) ≤ C(δ), d(x˜0, g(Ai)) ≤ C(δ),
where Ai is a lift of α in X. Let x˜, y˜ be the projection of x˜0 onto Ai and g(Ai) respectively,
which will realize the shortest distance between Ai and g(Ai) (so ℓ(x˜y˜) ≤ 2C(δ)). Under
the projection map π : X → M , the consecutive geodesic segments connecting g(x˜), y˜, x˜
maps to α′ and the one connecting x˜, y˜, g · γ(x˜) maps to α′′, where γ represents α.
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Figure 3.
It is possible that x0 projects to the same point on α, in which case α
′ is the entire
transverse geodesic loop, and α′′ is the concatenation α′−1 ∗α. It is also possible that α may
have a transverse self-intersection, in which case the above decomposition coincides with
the obvious separation at the self-intersection. Note that non-transverse self-intersection of
a closed geodesic α can only occur when α is a multiple of some primitive closed geodesic
α¯, in which case the above decomposition on α can essentially be treated on α¯. We remark
that in all the above mentioned “exceptional” cases, the decomposition as described always
exists. Moreover, both the statements that α′, α′′ are nontrivial and the length inequality
ℓ(α′) + ℓ(α′′) ≤ ℓ(α) + 4C(δ) hold true.
We can extend the above decomposition to a piecewise geodesic loop.
Lemma 3.9. Let u ⊂ M be a piecewise geodesic loop consisting of at most two geodesics,
and let α ⊂M be the closed geodesic free homotopic to u with NJ(α) ≤ C(δ), and ℓ(α) ≥ ǫ.
Then there exist points p, q ∈ u (which could be the same) and a geodesic segment ω con-
necting p, q whose length is bounded above by C = 2C(δ)+2D(ǫ). Here D(ǫ) is the constant
in Proposition 2.1. Moreover, the two piecewise geodesic loops under the decomposition are
homotopically nontrivial.
Figure 4.
Proof. We write u as the union of two geodesic segments in M which starts and ends at
O. Let u¯ be a lift of u in X consisting of two geodesic segments from the lift O¯ to γ(O¯)
as in Figure 4, where γ ∈ Γ is represented by u. We denote the axis of γ by Aγ which is
a lift of α. Since NJ(α) ≤ C(δ), by the discussion above there exists a point x¯ ∈ X and a
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nontrivial element γ′ ∈ Γ with γ′ 6= γ, such that x¯ and γ′(x¯) project onto Aγ at two points
A,B (which could be the same point) satisfying d(x¯, A) ≤ C(δ) and d(γ′(x¯), B) ≤ C(δ).
By Proposition 2.1, there exist p¯, q¯ ∈ u¯ such that d(A, p¯) ≤ D(ǫ) and d(B, q¯) ≤ D(ǫ).
Thus, the piecewise geodesic consecutively connecting p¯, A, x¯ together with the one con-
necting γ′(x¯), B, q¯ projects to a piecewise geodesic path connecting π(p¯) = p, π(q¯) = q ∈M
whose total length is ≤ 2C(δ) + 2D(ǫ). Finally, there is a unique geodesic segment ω
connecting p, q which is homotopic to this piecewise geodesic path and it is clear that
ℓ(ω) ≤ 2C(δ) + 2D(ǫ). The two piecewise geodesic loops under the decomposition are
homotopically nontrivial since γ′ 6= γ and γ′ 6= 1.

3.4. Injectivity radius and convex cocompactness. In this section, we prove (3) of
Theorem 1.10. We start by introducing the definition of a bow which will be used later in
the proof.
Definition 3.10. Given a closed geodesic α, we say B = [pq] is a bow on α if
(1) B consists of 2 edges pq and ıqp where p, q are 2 distinct points on α,
(2) pq is a minimizing geodesic connecting p to q on M , which might not lie on α,
(3) ıqp is a geodesic segment on α connecting q to p, which might not be length mini-
mizing, see Figure 5.
We say a bow B = [pq] is C-thin if d(p, q) ≤ C, and we say B is non-trivial if the loop
pq ∗ıqp of B is homotopically non-trivial in M .
Figure 5.
The following is a restatement of (3) of Theorem 1.10, which gives an alternative geometric
characterization of convex compactness under the assumption that δ < 1.
Theorem 3.11. If δ < 1, then Γ is convex cocompact if and only if the injectivity radius
function on M is proper.
Proof. The “only if” part does not need the condition δ < 1. Since Γ is convex cocompact,
it consists of only loxodromic isometries. Note that all the closed geodesics are in the
compact convex core since their lifts in X are in Hull(Λ(Γ)). Therefore, the length of all
closed geodesics in M is uniformly bounded from below. Otherwise, there is an escaping
sequence of closed geodesics (whose length tends to 0) inside the convex core, contradicting
to the compactness. Suppose the injectivity radius function is not proper, then there exists
an escaping sequence of points xi ∈ M whose injectivity radii are uniformly bounded by
some constant R. At each point xi, we choose a geodesic loop wi whose length satisfies
ℓ(wi) = 2 inj(xi) ≤ 2R. By Proposition 2.1, the closed geodesic free homotopic to wi is
within D-neighborhood of wi for some constant D, hence we get an escaping sequence of
closed geodesics in the convex core of M , and this contradicts to the compactness.
16 BEIBEI LIU AND SHI WANG
To show the “if” part, we first note that proper injectivity radius function automatically
implies that M has no cusp, and there is a uniform lower bound ǫ0 on the length of closed
geodesics in M . Suppose that Γ is not convex cocompact, i.e. geometrically infinite. By
Theorem 2.4 there is an escaping sequence of closed geodesics {αi} ⊂ M . By Proposition
3.8, there is a subsequence of closed geodesics whose normal injectivity radii are all ≤ C(δ).
For the convenience, we still denote it by {αi}. Now we fix a constant C0 = 2C(δ)+2D(ǫ0)
as in Lemma 3.9. since the injectivity radius function is proper and αi is escaping, all points
on αi have injectivity radii > 4C0 + 1 when i is sufficiently large. By possibly shifting the
index, we can assume without loss of generality that αi has this property.
For each αi, we consider the set Bi = B(αi, 2C0) that consists of all non-trivial 2C0-thin
bows on αi. The set is never empty. Indeed, choose p, q ∈ αi sufficiently close and chooseıqp the longer segment on α connecting q to p, such that ℓ(pq) < ℓ(ıqp) and ℓ(pq) ≤ 2C0.
This gives a nontrivial 2C0-thin bow on α. Let ti = inf{ℓ(Bi) : Bi ∈ Bi}. We choose
Bi = [piqi] ∈ Bi to be a bow whose length ≤ ti + 1. Since Bi is a 2-piecewise geodesic, by
Lemma 3.9, there exist ri, si ∈ Bi and a geodesic segment ωi ⊂ M connecting ri, si such
that ℓ(ωi) ≤ C0 and that ωi splits Bi non-trivially. Although Lemma 3.9 by itself does not
assure ωi is length minimizing, and ri, si might even be the same point, we claim this is
not the case. Indeed, since ℓ(piqi) ≤ 2C0, ri must be contained in the C0-neighborhood of
αi. By the assumption on the injectivity radius, all the points on αi have injectivity radius
> 4C0 + 1. Since the injectivity radius function is 1-Lipschitz, we have inj(ri) > 3C0 + 1.
This implies that any geodesic segment emanating from ri whose length is at most 3C0 +1
must be uniquely length minimizing. In particular, ωi is and ri 6= si.
Based on the positions of ri and si, we now discuss in the following three cases separately:
(1) ri, si are both on piqi,
(2) ri, si are both on q¯ipi,
(3) ri ∈ piqi and si ∈ q¯ipi.
Figure 6.
Observe that (1) is impossible since both ωi and piqi are uniquely length minimizing, so
ωi has to be entirely contained in piqi, which contradicts to the fact that ωi splits Bi non-
trivially. Case (2) is also impossible. To see this, we assume without loss of generality that
qi, si, ri, pi are in cyclic order in q¯ipi as in Figure 6, and ri, si cuts q¯ipi into three geodesic
segments, denoted by q¯isi, s¯iri, r¯ipi. By the assumption, the bow B
′
i = [risi] = risi ∪ s¯iri
is a non-trivial C0-thin (of course also 2C0-thin) bow on αi. So by the choice of Bi, we
have ℓ(B′i) + 1 ≥ ti + 1 ≥ ℓ(Bi) hence ℓ(risi) + 1 ≥ ℓ(r¯ipi) + ℓ(piqi) + ℓ(q¯isi). Since ωi
splits Bi non-trivially, we have obtained a homotopically non-trivial piecewise geodesic loop
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ηi = risi ∗ s¯iqi ∗ qipi ∗ p¯iri whose total length can be estimated as
ℓ(ηi) = ℓ(risi) + ℓ(s¯iqi) + ℓ(qipi) + ℓ(p¯iri)
≤ 2ℓ(risi) + 1
≤ 2C0 + 1.
This contradicts to the injectivity radius assumption.
For Case (3), note that ℓ(piqi) ≤ 2C0, so ri is C0 close to either pi or qi, and without
loss of generality we assume it is closer to qi. Therefore by the triangle inequality, we have
d(qi, si) ≤ ℓ(riqi)+ℓ(ωi) ≤ 2C0. Now we consider the bow B′′i = [siqi] = siqi∪ q¯isi where q¯isi
is the geodesic segment on αi. The bow is nontrivial. Otherwise, siqi coincides with q¯isi,
which indicates that ℓ(q¯isi) ≤ 2C0. Then we have a piecewise geodesic loop siri ∗ riqi ∗ q¯isi
with length ≤ 4C0. By the injectivity radius assumption, it must represent a trivial element,
which contradicts to the fact that ωi cuts Bi non-trivially. Hence, B
′′
i ∈ Bi. By the choice
of Bi, we have ℓ(B
′′
i ) + 1 ≥ ti + 1 ≥ ℓ(Bi) hence ℓ(siqi) + 1 ≥ ℓ(s¯ipi) + ℓ(piqi). So we have
obtained a piecewise geodesic loop η′i = qisi ∗ s¯ipi ∗ piqi whose total length satisfies
ℓ(η′i) = ℓ(qisi) + ℓ(s¯ipi) + ℓ(piqi)
≤ 2ℓ(qisi) + 1
≤ 4C0 + 1.
So η′i must be homotopically trivial according to the injectivity radius assumption. Since
ωi splits Bi non-trivially, the piecewise geodesic loop risi ∗ s¯ipi ∗ piri is homotopically non-
trivial, and therefore differing by an η′i, the geodesic triangle η
′′
i = risi ∗ siqi ∗ qiri is also
homotopically non-trivial. On the other hand, we have
ℓ(η′′i ) = ℓ(risi) + ℓ(siqi) + ℓ(qiri) ≤ 4C0,
which contradicts to the injectivity radius assumption.
Thus we have led to a contradiction in all three cases by assuming the existence of
escaping sequence of closed geodesics. Therefore, the “if” part follows.

Remark 3.12. Note that without the assumption on the critical exponent, it is showed in
[BH20, Proposition 2.6] that Γ is convex cocompact if and only if M is Gromov hyperbolic
and the injectivity radius function is proper.
4. Proofs of the main theorems
Theorem 4.1. Let Γ < Isom(X) be a finitely generated, torsion-free discrete isometry
subgroup. If either
(1) δ < D(n, κ) for some positive constant depending only on n and κ, or
(2) Γ is free and δ < 1/16,
then the injectivity radius function on M is proper.
Proof. Suppose that the injectivity radius function is not proper. By the same argument as
the one in Theorem 3.11, there exists an escaping sequence of closed geodesics {αi} of uni-
formly bounded length inM . Let G∞ be the set of all escaping sequences of closed geodesics
in M , and let t = inf{lim inf i→∞ ℓ(αi) : {αi} ∈ G∞}. From the previous discussion, we see
that t <∞. On the other hand, M has bounded geometry, so t > 0.
We claim that t ≤ 4C(δ). Suppose t > 4C(δ). Then there exists an escaping sequence
of closed geodesics αi with lim inf i→∞ ℓ(αi) = s ∈ (t, t + ǫ0), where ǫ0 is a fixed positive
number smaller than (t − 4C(δ))/2. By Proposition 3.8 there exists a subsequence, which
by abuse of notation we still denote by {αi}, such that limi→∞ ℓ(αi) = s and NJ(αi) ≤ C(δ)
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for all i. Without loss of generality, we assume ℓ(αi) ∈ (t, t + ǫ0) for all i. By Section 3.3,
each αi can be decomposed into two nontrivial loops α
′
i and α
′′
i such that ℓ(α
′
i) + ℓ(α
′′
i ) ≤
ℓ(αi) + 4C(δ). So the shorter one, which we assume to be α
′
i, has length ≤ 12ℓ(αi) + 2C(δ),
and it represents a nontrivial isometry in Γ. There is a closed geodesic νi free homotopic to
α′i with length ≤ 12ℓ(αi) + 2C(δ). Since M has bounded geometry, νi is inside a uniformly
bounded neighborhood of α′i by Proposition 2.1. Thus, we have found another escaping
sequence of closed geodesics νi, which through a chain of inequalities satisfy
ℓ(νi) ≤ ℓ(α′i) ≤
1
2
ℓ(αi) + 2C(δ)
≤ 1
2
(t+ ǫ0) + 2C(δ)
<
1
2
Å
t+
1
2
(t− 4C(δ))
ã
+ 2C(δ)
=
3
4
t+ C(δ).
Hence lim inf i→∞ ℓ(νi) ≤ 34 t + C(δ) < t. This contradicts with the choice of t. Therefore,
we have t ≤ 4C(δ).
This means that for any ǫ > 0, there exists a primitive closed geodesic, denoted by
α0, such that ℓ(α0) ≤ t + ǫ ≤ 4C(δ) + ǫ, and that NJ(α0) ≤ C(δ). By Section 3.3, α0
can be decomposed to two nontrivial loops α′0 and α
′′
0 , and again we assume α
′
0 is the
shorter one. So ℓ(α′0) < 4C(δ) + ǫ. Let x0 be a common point of α0 and α
′
0. Note that
α0 and α
′
0 represent two loxodromic elements γ0, γ
′
0 ∈ π1(M,x0) ∼= Γ, which generates a
non-elementary subgroup 〈γ0, γ′0〉 = Γ0 < Γ.
Recall that for any group G with finite generating set S, its entropy is defined as:
h(G,S) = lim
N→∞
ln |{g ∈ G : dS(1, g) ≤ N}|
N
,
where dS is the Cayley metric determined by S.
If we are in case (2) that Γ is free, then Γ0 must be a free subgroup isomorphic to
F2. So h(Γ0, S) = ln 3 for S = {γ0, γ′0}. Note that the lengths of geodesic loops from x0
representing γ0 and γ
′
0 are both bounded by 4C(δ) + ǫ. We conclude that the orbit map
γ 7→ γ · x0 gives a (4C(δ) + ǫ)-Lipschitz injection from (Γ0, dS) to (X, d). This implies
δ = δ(Γ) ≥ δ(Γ0) ≥ 1
4C(δ) + ǫ
h(Γ0, S) =
ln 3
4C(δ) + ǫ
.
By choosing ǫ small enough and assuming δ < 1/16, one can check that the above inequality
cannot hold. The contradiction implies that the injectivity radius is proper.
If we are in case (1), then according to [DKL19, Theorem 1.1], there is a free subgroup
Γ′0 < Γ0 generated by two elements g0, g
′
0, whose word lengths measured in (Γ0, S) are
bounded above by some universal constant C(n, κ) depending only on the dimension and
lower sectional curvature of X. Denote S0 = {g0, g′0}. Therefore, the orbit map (Γ′0, dS0)→
(X, d) through the inclusion Γ′0 → Γ0 is a (4C(δ) + ǫ)C(n, κ)-Lipschitz injection. This
implies
δ ≥ δ(Γ0) ≥ 1
(4C(δ) + ǫ)C(n, κ)
h(Γ′0, S0) =
ln 3
(4C(δ) + ǫ)C(n, κ)
.
Thus, there exists a constant D(n, κ) such that by choosing ǫ small enough and assuming
δ < D(n, κ), the above inequality fails. The contradiction again implies that the injectivity
radius is proper.
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Remark 4.2. For case (1), instead of passing to a rank 2 free subgroup, one can also apply
the result of [BCG11] to give a uniform lower bound on the entropy of Γ0.
Now we can finish the proofs of our main theorems.
Proofs of Theorem 1.2 and Theorem 1.7. Combine Theorem 3.11 and Theorem 4.1.
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